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FUJITA DECOMPOSITION AND MASSEY PRODUCT FOR FIBERED
VARIETIES
LUCA RIZZI AND FRANCESCO ZUCCONI
Abstract. Let f : X → B be a semistable fibration where X is a smooth variety of dimension
n ≥ 2 and B is a smooth curve. We give the structure theorem for the local system of the
relative 1-forms and of the relative top forms. This gives a neat interpretation of the second
Fujita decomposition of f∗ωX/B. We apply our interpretation to show the existence, up to
base change, of higher irrational pencils and on the finiteness of the associated monodromy
representations under natural Castelnuovo-type hypothesis on local subsystems. Finally we
give a criteria to have that X is not of Albanese general type if B = P1.
1. Introduction
Let f : X → B be a morphism with general smooth fiber between a smooth variety X of
dimension n ≥ 2 and a smooth curve B. We denote by ωX the canonical sheaf of a variety X .
The fiber f−1(b) over a point b ∈ B will be usually denoted by F or Fb if we want to make the
base point explicit. We mainly focus on semistable fibrations that is we assume that all the
fibers are reduced and normal crossing divisors.
A basic tool to study fibrations is the relative dualizing sheaf ωX/B = ωX ⊗ f
∗ω∨B and in
particular its direct image f∗ωX/B which is a vector bundle on B of general fiber H
0(F, ωF ).
By a famous result of Fujita, see [Fu1] and [Fu2], f∗ωX/B has two splittings classically known
as first and second Fujita decomposition. They are respectively
(1.1) f∗ωX/B ∼= O
h
B ⊕ E
where E is a locally free nef sheaf on B with h1(B, E ⊗ ωB) = 0 and
(1.2) f∗ωX/B ∼= U ⊕A
where U is a unitary flat vector bundle and A ample. Putting these two decompositions together
we have the more general
(1.3) f∗ωX/B ∼= O
h
B ⊕ U
′ ⊕A
where U ∼= OhB ⊕ U
′ is a decomposition of flat bundles and U ′ has no global sections.
Recall that there is a one to one correspondence modulo isomorphism between
i) flat vector bundles on B
ii) local systems of C vector spaces on B
iii) representations of the fundamental group π1(B, b).
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see [Vo1, Proposition 9.11] and [Vo2, Corollary 3.10]. Therefore, naturally associated to U there
are also a local system and a representation of the fundamental group and in this paper we will
often use this correspondence.
The flat bundle U is strictly related to the variation of Hodge structure of X → B in the
following way. The restriction f 0 : X0 = f−1(B0) → B0 of f to the locus of regular values B0
is smooth and defines a geometric VHS of weight n− 1 on the local system Rn−1f 0∗Z over B
0.
Denoting as usual Fp ⊂ Hn−1 = Rn−1f 0∗CX ⊗OB0 the Hodge filtration, we have
Fn−1 ∼= f∗ωX/B|B0
and, denoting by j : B0 →֒ B the inclusion, we have that the local system associated to U0 = j∗U
is a sublocal system of Rn−1f 0∗CX with fiber contained in H
n−1,0 = H0(ωF ). Note that while
Rn−1f∗CX is not a local system and in general there is no way to extend R
n−1f 0∗CX ⊗ OB0
on the whole B, this can be done with U0 and its trivial extension is exactly U . This comes
from the fact that the hermitian form induced by the intersection form on the fibers forces the
local monodromies around the points in B \ B0 to be trivial, see for example [CD1] where it
is proved that the extension of U0 can be done also if f is not semistable. Actually, building
on the seminal papers by Fujita, a lot of work has been devoted to solve the problem of the
semi-ampleness of f∗ωX/B; see: [CD1], [CD2], [CD3], [CK].
In this paper the study of U and the associated monodromy is done by the theory of Massey
products, previously known as adjoint forms. In [PT] this study is done for a fibred surface
f : S → B; we generalise and extend the results of [PT]. We recall that Massey products have
been introduced in [CP] and [PZ] and then applied in [Ra], [PR], [CNP], [G-A], [BGN], [RZ1],
[RZ2], [RZ3] and recently [CRZ]. The basic construction is as follows. Consider the fiber F of
our fibration f and take η1, . . . , ηn 1-forms on F in the kernel of the cup product ∪ξ : H
0(Ω1F )→
H0(OF ) where ξ is the associated infinitesimal deformation ξ ∈ H
1(TF ). Choosing s1, . . . , sn ∈
H0(Ω1X|F ) liftings of the ηi’s we have a top form Ω ∈ H
0(ωX|F ) from the element s1 ∧ . . . ∧ sn.
Since ωX|F ∼= ωF we actually obtain from Ω a top form of the canonical sheaf ωF . Such a
form is the classical adjoint form or Massey product. We will denote it by mξ(η1, . . . , ηn). A
central definition is the definition of Massey triviality: we say that the sections η1, . . . , ηn are
Massey trivial if their Massey product mξ(η1, . . . , ηn) is a linear combination of the top forms
η1 ∧ · · · ∧ η̂i ∧ · · · ∧ ηn, i = 1 . . . , n. If furthermore the η1 ∧ · · · ∧ η̂i ∧ · · · ∧ ηn are linearly
independent in H0(ωF ) we say that the ηi form a strict subspace of H
0(Ω1F ). Massey triviality
has often proved to be a useful tool for solving Torelli-type problems, here we will present a
different implementation of the theory.
In Section 4 we construct Massey products in families, using the following idea, see also [PT].
Take the pushforward via f of the exact sequence
0→ f ∗ωB → Ω
1
X → Ω
1
X/B → 0
where Ω1X/B is the sheaf of relative differentials, see Section 2 for details. Now the connecting
morphism
∂ : f∗Ω
1
X/B → R
1f∗OF ⊗ ωB
restricted on the general fiber is exactly ∪ξ, and we will denote its kernel by ker ∂ := K∂. A
local sections of K∂ can be considered as a family of liftable 1-forms on each fiber, therefore by
choosing n local sections of K∂ we can construct a family of Massey products which roughly
corresponds to glueing together the mξ(η1, . . . , ηn) for all the fibers over the considered open
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subset. The key point to this however is to show that all the sections of K∂ can be lifted to
f∗Ω
1
X ; this is proved in Lemma 2.2. Of course the notion of Massey triviality and strictness also
can be precisely extended in families, see Section 4 for details. In this section we also highlight
the key differences between Massey products of local or global sections of K∂, see Proposition
4.7 and 4.8.
Now if dimX = 2 it is not difficult to see that the local system coming from the second
Fujita decomposition is in fact contained in K∂ and a central idea in [PT] is to construct
Massey products starting from sections of this local system instead of just taking arbitrary
sections of K∂. In the general case however the situation is more difficult because the local
system of the Fujita decomposition consists of top forms on the fibers, whereas K∂ consists of
1-forms on the fibers, hence the first is not contained in the second. Therefore in Sections 2
and 3 we construct a new local system D which is contained in K∂ . In Section 3 in particular
we show how D is related to the sheaf of closed relative differential 1-forms Ω1X/B,dX/B and we
also show how this interpretation applied on the sheaf of closed relative differential (n-1)-forms
Ωn−1X/B,dX/B recovers exactly the local system of the Fujita decomposition, see Theorem 3.17. By
analogy with D we denote it by Dn−1 and we have Dn−1 ⊗OB = U .
Now let A ⊂ B a contractible open subset and W ⊂ Γ(A,D) a vector subspace of dimension
at least n. We say that W is Massey trivial if any n-uple of sections in W is Massey trivial, see
Definition 4.3. Furthermore we say that a sublocal system W < D is Massey trivial generated if
its general fiber is generated under the monodromy action of D by a Massey trivial vector space
W , see Definition 5.9. These objects are strictly related to the Castelnuovo-de Franchis theorem.
In its classical formulation this result relates the existence of a non constant holomorphic map
S → C from a surface to a curve of genus g ≥ 2 to the existence of two linearly independent
1-forms on S with vanishing wedge product. Since then it has been generalized to higher
dimensional varieties, see [Ca] and [Ran].
Recall that a higher irrational pencil is a morphism with connected fibers X → Y with target
a normal variety Y of maximal Albanese dimension and irregularity greater than its dimension.
Let W be a Massey trivial subspace. Call H the kernel of the monodromy representation of D,
which is a normal subgroup of π1(B, b), and call HW the subgroup of H which acts trivially on
W. For every subgroup K < HW , we denote by BK → B the e´tale base change of group K and
by XK → BK the associated fibration. In Section 5 we prove the following theorem, which is
a refinement of the generalized Castelnuovo-de Franchis [Ca, Theorem 1.14]
Theorem [A]. Let X → B be a semistable fibration with dimX = n. Let A ⊂ B be an open
subset and W ⊂ Γ(A,D) a Massey trivial strict subspace. Then XK has a higher irrational
pencil hK : XK → Y over a normal (n − 1)-dimensional variety of general type Y such that
W ⊂ h∗K(H
0(Y,Ω1Y )). Furthermore if W is a maximal Massey trivial strict subspace we have
the equality W = h∗K(H
0(Y,Ω1Y )).
In the remaining of Section 5 we study the monodromy of a Massey trivial generated local
system W. Call ρW the action of the fundamental group π1(B, b) on the stalk of W and call
GW = π1(B, b)/ ker ρW the monodromy group. We construct an action of this group on a
suitable set K of morphisms from the fiber F to Y as in Theorem [A] and thanks to this action
we prove
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Theorem [B]. Let f : X → B be a semistable fibration on a smooth projective curve B and
let W < D be a strict Massey trivial generated local system. Then the associated monodromy
group GW is finite and the fiber of W is isomorphic to∑
k∈K
k∗H0(Y,Ω1Y ).
As a corollary we obtain the following result on the monodromy of D and Dn−1
Corollary 1.1. If D is Massey trivial generated by a strict subspace, then its monodromy group
is finite. If furthermore the map
∧n−1
D → Dn−1 is surjective, the local system Dn−1 also has
finite monodromy.
See Corollary 5.15 for an example where this is applied.
Recall that the finiteness of the monodromy group of a local system is equivalent to the semi-
ampleness of the unitary flat vector bundle, see for example [CD1, Theorem 2.5], hence since
Dn−1 is the local system associated to U , this corollary is indeed a result on the semi-ampleness
of U and hence of f∗ωX/B since f∗ωX/B = U ⊕ A and A is ample. We expect generalisation of
our corollary in the light of [CK].
The rest of this paper is structured as follows. In Section 6 we introduce a new local system on
B which contains all the Massey products obtained by sections of D but without the ambiguity
given by the choice of the liftings and we prove that the vanishing of this local system is strictly
related to Massey triviality of global sections of D. In Section 7 we highlight the relation between
Massey triviality and the first Fujita decomposition. Finally in Section 8 we find a bound for
the integer h in the first Fujita decomposition f∗ωX/B = O
h
B ⊕ E and we focus on the case of
a fibration on P1. Note that in this case the first and second Fujita decompositions coincide,
that is f∗ωX/B = O
h
B ⊕ A. We denote by r the rank of the subsheaf generically generated by
the global sections of f∗ωX/B. We prove:
Theorem [C]. Let X be an irregular variety with q(X) > n. If f : X → P1 is a fibration with
r = pg(F ) then X is not of Albanese general type
2. Fibration on curves and a local system of 1-forms
Let f : X → B be a semistable fibration of an n-dimensional smooth projective variety X
over a smooth projective curve B. Denote by B0 the locus of singular values of f and by
B0 = B \B0 the open set of regular values.
2.1. Torsion freeness of the sheaf of relative differentials. The exact sequence
(2.1) 0→ f ∗ωB → Ω
1
X → Ω
1
X/B → 0
defines the sheaf of relative differentials Ω1X/B .
This sheaf is not torsion free for a general fibration f , but it turns out to be torsion free in
our setting, when the fibers of f are reduced and normal crossing divisors. An easy way to see
this is using the sheaf of logarithmic differential forms; see [De].
Recall that if X is a smooth variety and D is a normal crossing divisor on X , locally given on
an open set U by z1z2 · · · zk = 0, we can define the sheaf Ω
1
X(log D) of logarithmic differentials
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as the locally free OX -module generated by dz1/z1, . . . , dzk/zk, dzk+1, . . . , dzn. This sheaf fits
into the following exact sequence
(2.2) 0→ Ω1X → Ω
1
X(log D)
Res
→
⊕
i
ODi → 0
where Di are the irreducible components of D and Res is the residue map.
In the case of a semistable fibration, it is not difficult to check, for example by local compu-
tation, that we have an injection
(2.3) 0→ f ∗ωB(log B0)→ Ω
1
X(log f
−1B0)
with locally free cokernel which is denoted by Ω1X/B(log), giving us the short exact sequence
(2.4) 0→ f ∗ωB(log B0)→ Ω
1
X(log f
−1B0)→ Ω
1
X/B(log)→ 0.
Note that this sequence is the locally free version of (2.1), more precisely call Pi the points
in B0 and Ej the irreducible components of f
−1B0, that is the irreducible components of the
singular fibers, we have the following diagram
(2.5) 0
(1)

0

0

0 // f ∗ωB

// Ω1X

// Ω1X/B
//
(3)

0
0 // f ∗ωB(log B0)

// Ω1X(log f
−1B0)

// Ω1X/B(log)
//
(4)

0
0 //
⊕
i f
∗CPi
(2)
//

⊕
j OEj
//

⊕
j OEj/
⊕
i f
∗CPi
//

0
0 0 0
The only arrows that need an explanation are the following
(1) This injectivity comes from the flatness of f .
(2) This arrows is the obvious one coming from the maps f ∗CPi
∼= Of−1Pi → OEj where
Ej ⊂ f
−1Pi. It is injective for some Ej ⊂ f
−1Pi because the fibers are reduced.
(3) This arrows, which exists by commutativity, is injective because (2) is
(4) This arrow also follows by the commutativity of the diagram
In particular we have that Ω1X/B is torsion free because by arrow (3) it is a subsheaf of a
locally free sheaf.
Something similar can also be done in the case where the base of the fibration is not a curve,
for details see [Il] and [MR].
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In the following we will denote by ΩkX/B the exterior powers of the sheaf of relative differen-
tials, i.e.
(2.6) ΩkX/B =
k∧
Ω1X/B .
The relative dualizing sheaf on the other hand is defined by
(2.7) ωX/B = Ω
n
X ⊗ f
∗ω∨B
and it is locally free since both X and B are smooth. Recall that f∗Ω
n−1
X/B and f∗ωX/B are
isomorphic when restricted to B0. Call f∗ωX/B the Fujita sheaf of the fibration f : X → B.
2.2. Sub-sheaves of the Fujita sheaf. It turns out that f∗ωX/B contains a couple of sub-
sheaves which are interesting for our purposes, in the remaining of this sections we will introduce
both of them.
Over each regular value b ∈ B0, Sequence (2.1) restricted to the fiber Fb is the exact sequence
(2.8) 0→ T∨B,b ⊗OFb → Ω
1
X|Fb
→ Ω1Fb → 0
which gives an infinitesimal deformation of the fiber Fb, ξb ∈ Ext
1(Ω1Fb ,OFb)
∼= H1(Fb, TFb).
Take the pushforward of sequence (2.1)
(2.9) 0→ f∗f
∗ωB → f∗Ω
1
X → f∗Ω
1
X/B → R
1f∗f
∗ωB → . . .
which by projection formula is
(2.10) 0→ ωB → f∗Ω
1
X → f∗Ω
1
X/B → R
1f∗OX ⊗ ωB → . . .
Over each regular value b ∈ B0, this sequence gives
(2.11) 0→ H0(OFb)→ H
0(Ω1X|Fb)→ H
0(Ω1Fb)
δξb→ H1(OFb)→ . . .
which is exactly the cohomology long exact sequence of (2.8). In particular recall that the
connecting morphism δξb is given by the cup product with the Kodaira-Spencer class ξb.
2.2.1. K∂ or the sheaf of fiberwise liftable 1-forms. We can now define the first of the two above
mentioned sheaves.
Definition 2.1. The sheaf K∂ is the kernel of the map ∂ : f∗Ω
1
X/B → R
1f∗OX⊗ωB of sequence
(2.10).
We note that, over the general b ∈ B0, it holds that
(2.12) K∂ ⊗ C(b) = ker δξb
that is, over suitable subsets A ⊂ B, we can think of K∂ as the sheaf of holomorphic one forms
on the fibers of f which are liftable to the variety X .
The sheaf K∂ is not locally free in general, but it is in the case of a semistable fibration.
In fact recall that the sheaf of relative differentials Ω1X/B is torsion free, hence its direct image
f∗Ω
1
X/B is torsion free and hence locally free on the curve B. It follows that K∂ is torsion free,
hence again locally free on B.
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Lemma 2.2. If X → B is a semistable fibration, the exact sequence
(2.13) 0→ ωB → f∗Ω
1
X → K∂ → 0
splits.
Proof. The proof is the same as [PT, Lemma 3.5] and it is standard once we made sure that
K∂ is locally free. The central idea is that the splitting of this sequence is equivalent to the
splitting of its dual tensored by ωB, that is
0→ K∨∂ ⊗ ωB → f∗Ω
1
X
∨
⊗ ωB → OB → 0
This splitting is equivalent to the vanishing of the cohomology map H0(OB)→ H
1(K∨∂ ⊗ ωB)
which by duality is equivalent to the vanishing of H0(K∂) → H
1(ωB). By Sequence (2.13) we
prove instead the injectivity of H1(ωB) → H
1(f∗Ω
1
X) and this comes from the fact that if we
compose this map with the injective map given by the Leray spectral sequence we obtain
H1(B, ωB)→ H
1(B, f∗Ω
1
X)→ H
1(X,Ω1X)
which is still injective because H1(B, ωB)→ H
1(X,Ω1X) sends the class of a point to the class
of a fiber. 
Remark 2.3. Call f 0 : X0 → B0 our fibration restricted to the locus of regular values. Denote
as usual by Hp,q the Hodge bundles on B0. The map ∂ : f∗Ω
1
X/B → R
1f∗OX ⊗ ωB on B
0 is
exactly the variation of Hodge structure
(2.14) ∇
1,0
: H1,0 →H0,1 ⊗ ωB
See [Vo1, Section 10.2].
2.2.2. D or the sheaf of fiberwise forms liftable to d-closed 1-forms. The second sheaf we are
interested in, which will turn out to be a local system on B, comes from considering the de
Rham closed holomorphic differential forms.
Consider the de Rham sequences on X and on B respectively:
(2.15) 0→ CX → OX → Ω
1
X → Ω
2
X → · · · → Ω
n
X → 0
and
(2.16) 0→ CB → OB → ωB → 0
From (2.15) we get the short exact sequence
(2.17) 0→ CX → OX → Ω
1
X,d → 0
where Ω1X,d is the sheaf of de Rham closed holomorphic differential forms.
Comparing the pushforward of (2.17) together with (2.16) we get the following commutative
diagram
(2.18) 0 // f∗CX // f∗OX // f∗Ω
1
X,d
// R1f∗CX // R
1f∗OX // . . .
0 // CB // OB // ωB
?
OO
// 0
Definition 2.4. The sheaf D is defined as the cokernel of the vertical map ωB → f∗Ω
1
X,d.
Alternatively by diagram (2.18) it is the kernel of the map R1f∗CX → R
1f∗OX .
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Lemma 2.5. We have an inclusion of sheaves D →֒ K∂
Proof. Immediate by the fact that the exact sequence defining D
(2.19) 0→ ωB → f∗Ω
1
X,d → D → 0
is basically sequence (2.13) restricted to the closed holomorphic one-forms. 
We can therefore interpret D as the sheaf of holomorphic one-forms on the fibers of f which
are liftable to closed holomorphic forms of the variety X .
Lemma 2.6. The sheaf D is a local system.
Proof. See [PT, Lemma 2.4]. The idea of the proof is the following. Call j : B0 → B the
injection on the locus corresponding to the smooth fibers of f . Since D is a subsheaf of R1f∗C,
its restriction j∗D is a subsheaf of the local system j∗R1f∗C, therefore j
∗D is itself a local
system. Now it is standard to prove that j∗D extends to a local system on the whole curve B.
To do this it is enough to prove that the monodromy around the singular values is trivial. Since
by definition D is the kernel of the morphism R1f∗CX → R
1f∗OX , its stalk over a point b ∈ B
0
is contained in the kernel of the projection map H1(Fb,C) → H
0,1(Fb) and so it is a vector
subspace of H1,0(Fb). The standard Hermitian form is positive definite on H
1,0(Fb), hence the
monodromy representation associated to j∗D is unitary flat, furthermore it is unipotent by the
Monodromy Theorem (see [PS, Theorem 11.8]), hence it is trivial. This proves that j∗j
∗D is a
local system.
The last step consists in noticing that R1f∗CX → j∗j
∗R1f∗CX is surjective by the local
invariant monodromy theorem, see for example [CEZGT, Theorem 5.3.4], so D → j∗j
∗D is also
surjective. Since D → j∗j
∗D is an isomorphism on B0, it immediately follows that D → j∗j
∗D
is an isomorphism because otherwise the kernel would be a torsion subsheaf of D, and hence
trivial since D →֒ K∂ and K∂ is locally free. 
From now on we will denote by D the local system D.
Remark 2.7. We also have that j∗D is the largest local subsystem of j∗R1f∗C with stalk
a subspace of H1,0(Fb) on the general fiber. Indeed, every other subsystem with the same
property is contained in the kernel of R1f∗CX → R
1f∗OX and so it is contained in D.
When X is a surface, this means that D is the local system which gives the second Fujita
decomposition of f∗ωX/B. In the next section we present how to generalize this result when
dimX > 2.
3. Relation between D and the sheaf of relatively closed differential forms
We want to find the analogue of D in the case of volume forms. For this we present an
alternative description of D. Consider the sequence (2.1)
0→ f ∗ωB → Ω
1
X → Ω
1
X/B → 0
and its wedge
(3.1) 0→ f ∗ωB ⊗ Ω
1
X/B → Ω
2
X → Ω
2
X/B → 0.
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Note that the map f ∗ωB ⊗ Ω
1
X/B → Ω
2
X is not injective in general and its kernel is a torsion
sheaf. In the semistable case however, since we have seen that Ω1X/B is torsion free, the kernel
must be trivial because f ∗ωB ⊗ Ω
1
X/B is torsion free.
More in general we have the exact sequences
(3.2) 0→ f ∗ωB ⊗ Ω
k
X/B → Ω
k+1
X → Ω
k+1
X/B → 0.
At the level of top forms on X however, one does not have the isomorphism
(3.3) f ∗ωB ⊗ Ω
n−1
X/B
∼= ΩnX
which holds only in the case of a smooth submersion. On the other hand we have the exact
sequence
(3.4) 0→ f ∗ωB ⊗ Ω
n−1
X/B → Ω
n
X → Ω
n
X|Z → 0
where Z is the subscheme of X given by the critical points, and this is enough to deduce that
we still have the injection
(3.5) f∗Ω
n−1
X/B →֒ f∗ωX/B.
3.1. D as a subsheaf of the sheaf of relatively closed differential forms. We introduce
now the sheaf of relatively closed differential forms. The de Rham differential d on Ω1X induces
a differential dX/B on the sheaf of relative differential forms. In fact we have a commutative
diagram
(3.6) 0 // f ∗ωB //
d

Ω1X
//
d

Ω1X/B
// 0
0 // f ∗ωB ⊗ Ω
1
X/B
// Ω2X
// Ω2X/B
// 0
which can be completed
(3.7) 0 // f ∗ωB //
d

Ω1X
//
d

Ω1X/B
//
dX/B

0
0 // f ∗ωB ⊗ Ω
1
X/B
// Ω2X
// Ω2X/B
// 0
Definition 3.1. The kernel of dX/B is by definition the sheaf of closed relative differential
forms, denoted by Ω1X/B,dX/B .
Diagram (3.7) can be completed with the exact sequence of the kernels
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(3.8) 0 // C // _

Ω1X,d
//
 _

Ω1X/B,dX/B
//
 _

0
0 // f ∗ωB //
d

Ω1X
//
d

Ω1X/B
//
dX/B

0
0 // f ∗ωB ⊗ Ω
1
X/B
// Ω2X
// Ω2X/B
// 0
It is not difficult to realize that C consists of holomorphic forms which can be locally expressed
as f ∗(a(t)dt) with a(t) an holomorphic function on B, therefore pushing forward the kernel
sequence of Diagram (3.8) we obtain
(3.9) 0→ ωB → f∗Ω
1
X,d → f∗Ω
1
X/B,dX/B
→ R1f∗C → . . .
Proposition 3.2. The local system D introduced in the previous section is the kernel of the map
f∗Ω
1
X/B,dX/B
→ R1f∗C. In particular D is the subsheaf of f∗Ω
1
X/B,dX/B
whose sections locally
come from closed holomorphic 1-forms on X.
Proof. Recall that D by definition is the cokernel of ωB → f∗Ω
1
X,d, hence by Sequence (3.9) it
can be also seen as the kernel of f∗Ω
1
X/B,dX/B
→ R1f∗C. 
The reason why we give this equivalent definition of D is because it will allow us to extend
the constructions presented in the previous section to the case of top differential forms.
To visualize the relation among the sheaves K∂, D and f∗Ω
1
X/B,dX/B
, we have the diagram
(3.10) K∂  t
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
D
,

::tttttttttttt
 r
$$❍
❍❍
❍❍
❍❍
❍❍
❍❍
f∗Ω
1
X/B
f∗Ω
1
X/B,dX/B
+

88rrrrrrrrrr
3.2. Dn−1 or the sheaf of fiberwise volume forms liftable to closed holomorphic
forms. Now take the analogous of Diagram (3.8) for (n− 1)-forms
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(3.11) 0 // Cn−1 // _

Ωn−1X,d
//
 _

Ωn−1X/B,dX/B
//
 _

0
0 // f ∗ωB ⊗ Ω
n−2
X/B
//
d

Ωn−1X
//
d

Ωn−1X/B
//
dX/B

0
0 // f ∗ωB ⊗ Ω
n−1
X/B
// ΩnX
// ΩnX |Z
// 0.
and take the pushforward of the kernel sequence.
As in the previous case a local computation shows that f∗C
n−1 = ωB ⊗ f∗Ω
n−2
X/B and we have
the long exact sequence
(3.12) 0→ ωB ⊗ f∗Ω
n−2
X/B → f∗Ω
n−1
X,d → f∗Ω
n−1
X/B,dX/B
→ R1f∗C
n−1 → . . .
Definition 3.3. We denote by Dn−1 the coker of ωB ⊗ f∗Ω
n−2
X/B → f∗Ω
n−1
X,d . Alternatively it is
the kernel of f∗Ω
n−1
X/B,dX/B
→ R1f∗C
n−1.
Similarly to D, Dn−1 can be interpreted as a sheaf of forms on the fibers liftable to closed
holomorphic forms on X .
We will show that Dn−1 is a local system, but first note that we have the map of long exact
sequences
(3.13) 0 // ωB ⊗ f∗Ω
n−2
X/B
// f∗Ω
n−1
X,d
//
 _

f∗Ω
n−1
X/B,dX/B
//
 _

R1f∗C
n−1 //

0 // ωB ⊗ f∗Ω
n−2
X/B
// f∗Ω
n−1
X
// f∗Ω
n−1
X/B
// ωB ⊗ R
1f∗Ω
n−2
X/B
//
On B0 the inclusion f∗Ω
n−1
X/B,dX/B
→֒ f∗Ω
n−1
X/B is an isomorphism and the arrow f∗Ω
n−1
X/B →
ωB ⊗ R
1f∗Ω
n−2
X/B is the variation of Hodge structure
(3.14) ∇
n−1,0
: Hn−1,0 →Hn−2,1 ⊗ ωB,
see also Remark (2.3).
Denoting as usual Fp ⊂ Hn−1 = j∗Rn−1f∗CX ⊗OB0 the Hodge filtration, the Diagram [Vo1,
Page 251] becomes
(3.15) ∇ : 0 //

Fn−1 ⊗ ωB

∇ : Fn−1 // Fn−2 ⊗ ωB

∇
n−1,0
: Hn−1,0 // Hn−2,1 ⊗ ωB
Lemma 3.4. The sheaf j∗Dn−1 is the largest local system on B0 contained in f∗Ω
n−1
X/B.
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Proof. For better clarity we denote by ∇ the flat connection ∇ : Hn−1 → Hn−1 ⊗ ωB and by
∇|Fn−1 its restriction on F
n−1, that is the middle map of Diagram (3.15).
We will prove our thesis showing that Dn−1 is the kernel of ∇|Fn−1 . In fact
ker∇|Fn−1 ⊂ ker∇ = R
n−1f∗CX
therefore ker∇|Fn−1 is a local system contained in F
n−1. It is also the largest with this property
because any other local system contained in Fn−1 must also be contained in Rn−1f∗CX and
hence it must be contained in ker∇|Fn−1 .
Recall also the Cartan-Lie formula which allows to compute the connection ∇; see [Vo1,
Section 9.2.2]. Take a suitable open subset U ⊂ B0. If Ω is a differential form of degree
n − 1 on f−1(U) such that its restriction to Fb is closed for all b ∈ U , then the map b →
[Ω|Fb] ∈ H
n−1(Fb,C) is a section of the bundle H
n−1 which we shall denote by ω. Under these
assumptions, if u ∈ TB,t is a tangent vector and v ∈ Γ(TX|Xt ) is such that f∗v = u, then
(3.16) ∇u(ω)(t) = [intv(dΩ|Xt)].
Now take a section ω of Dn−1. With a suitable choice of U , we have that Ω is closed since
Dn−1 is the image of f∗Ω
n−1
X,d → f∗Ω
n−1
X/B,dX/B
. By (3.16) it follows that ∇(ω) = 0 since dΩ = 0,
that is Dn−1 is contained in ker∇|Fn−1 .
Viceversa if ω is in the kernel of ∇|Fn−1 , it is also in the kernel of ∇
n−1,0
by Diagram (3.15).
This kernel is the image of f∗Ω
n−1
X → f∗Ω
n−1
X/B by the second row of (3.13), that is we can choose
Ω to be a holomorphic form. In particular dΩ is a holomorphic n-form on f−1(U). By the
hypothesis ω ∈ ker∇|Fn−1 and by the Cartan-Lie formula we have that for every t ∈ U and for
every vector u ∈ TB,t
[intv(dΩ|Xt)] = 0
from which we deduce that dΩ|Xt = 0 ∈ H
0(Xt,Ω
n
X|Xt
). Since this holds for all t in U , dΩ must
be zero, i.e. Ω is closed and we have proved that ω is in the image of f∗Ω
n−1
X,d which is D
n−1.

Remark 3.5. We have seen that the Cartan-Lie formula basically tells us that the kernel
of ∇|Fn−1 is given by the section that are obtained as restriction on the fibers of a closed
holomorphic form on X .
In [Vo1], also the map ∇
n−1,0
is explicitly computed using the Cartan-Lie formula and it
turns out to be given by
[intv(∂¯Ω|Xt)]
that is the sections in ker∇
n−1,0
are obtained as restriction on the fibers of a holomorphic form
on X , which is also evident by the second row of Diagram (3.13).
Lemma 3.6. The local system j∗Dn−1 trivially extends on B, hence Dn−1 is a local system on
B which we will denote by Dn−1.
Proof. The proof is essentially the same as for D. The intersection form on j∗Dn−1 is, up to
constant, strictly positive definite, hence the monodromy representation associated to j∗Dn−1
is unitary flat and unipotent by the Monodromy Theorem, hence it is trivial. This proves
that j∗j
∗Dn−1 is a local system. Exactly as we have seen before, Rn−1f∗C → j∗j
∗Rn−1f∗C is
surjective and we easily deduce the isomorphism j∗j
∗Dn−1 ∼= Dn−1. 
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By Lemma (3.4) and Lemma (3.6) we get that Dn−1 is the largest local system contained in
f∗Ω
n−1
X/B . Recall that we have the inclusion f∗Ω
n−1
X/B →֒ ωX/B (see (3.5)) which is an isomorphism
on B0. It immediately follows that
Theorem 3.7. Dn−1 is the local system that gives the second Fujita decomposition of ωX/B,
that is
(3.17) ωX/B = U ⊕ A
with A ample and U = Dn−1 ⊗OB.
4. Massey products of sections of D
We stress that the dimension of the fiber is n − 1 and we now construct a map that allows
us to define the Massey product or adjoint form of n sections of K∂.
4.1. Definition of Massey product of 1-forms. Consider the map
(4.1)
n∧
f∗Ω
1
X → f∗
n∧
Ω1X = f∗ωX
and take the tensor product with ω∨B = TB
(4.2)
n∧
f∗Ω
1
X ⊗ TB → f∗ωX ⊗ TB = f∗ωX/B.
Since sequence (2.13) splits by Lemma (2.2), the following wedge sequence also splits
(4.3) 0 //
∧n−1K∂ ⊗ ωB // ∧n f∗Ω1X // ∧nK∂ //
{{
0
and it allows to define the composite map
(4.4)
n∧
K∂ ⊗ TB →
n∧
f∗Ω
1
X ⊗ TB → f∗ωX/B
Given n sections η1, . . . , ηn in Γ(A,K∂) on a suitable open subset A ⊂ B consider the wedge
products η1 ∧ · · · ∧ η̂i ∧ · · · ∧ ηn for i = 1, . . . , n and their image via the map
(4.5)
n−1∧
K∂ →
n−1∧
f∗Ω
1
X/B → f∗Ω
n−1
X/B →֒ f∗ωX/B.
Definition 4.1. We call ωi, i = 1, . . . , n, the image of η1 ∧ · · · ∧ η̂i ∧ · · · ∧ ηn via map (4.5) and
W the OB-submodule of ωX/B generated by the ωi.
Definition 4.2. The Massey product or adjoint image of η1, . . . , ηn is the section of f∗ωX/B
computed via the morphism (4.4) starting with η1∧ ...∧ ηn. We say that the sections η1, . . . , ηn
are Massey trivial if their Massey product is contained in the OB-submodule W.
Alternatively we can define Massey products pointwise: given a regular value b ∈ B, we can
take the 1-forms defined by η1, . . . , ηn on the fiber Fb and build their adjoint form in the usual
way, which we briefly recall. For an extensive discussion on the topic, we refer to [RZ1].
Call W < H0(Fb,Ω
1
Fb
) the n-dimensional subspace generated by these sections and take
s1, . . . , sn ∈ H
0(Fb,Ω
1
X|Fb
) a choice of liftings on X . These lifting can be found sinceW ⊂ ker δξb
by (2.12).
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We have a top form Ω ∈ H0(Fb, ωX|Fb) from the element s1 ∧ . . . ∧ sn ∈
∧n+1H0(Fb,Ω1X|Fb).
Since ωX|Fb
∼= ωFb we actually obtain from Ω a top form ω of ωFb. Such an ω ∈ H
0(X,ωFb) is
the classical adjoint form orMassey product. When needed we will denote it by mξb(η1, . . . , ηn).
All the pointwise defined adjoint forms can be glued together to an element of f∗ωX/B modulo
the OB-submodule W. This construction agrees with the previous one of Definition 4.2 on
suitable open subsets A ⊂ B.
4.1.1. D and Massey product. Of course since D is a subsheaf of K∂, it makes sense to construct
Massey products starting from sections of D, i.e. consider the map
(4.6)
n∧
D⊗ TB → f∗ωX/B
instead of (4.4).
On the other hand note that the map (4.5) restricted on D has image in Dn−1, that is
(4.7)
n−1∧
D→ Dn−1
because the wedge product of forms which can be lifted to closed holomorphic forms can also
be lifted to a closed holomorphic form.
4.2. Massey triviality and strictness. Let A ⊂ B a contractible open subset and W ⊂
Γ(A,K∂) a vector subspace of dimension at least n.
We give the following definition
Definition 4.3. We say that W is Massey trivial if any n-uple of sections in W is Massey
trivial (see Definition 4.2).
Definition 4.4. We say that W is strict if the map
n−1∧
W ⊗OA → f∗ωX/B|A
is an injection of vector bundles.
Proposition 4.5. Let A ⊂ B be a contractible open subset and W ⊂ Γ(A,K∂) a Massey trivial
strict subspace. Then there exists a unique W˜ ⊂ Γ(A, f∗Ω
1
S) lifting W such that the map
ψ :
n∧
W˜ ⊗ TA → f∗ωX/B|A
is zero.
Proof. We work by induction on the dimension of W . We start with dimW = n.
If dimW = n take η1, . . . , ηn a basis of W and s1, . . . , sn ∈ Γ(A, f∗Ω
1
S) arbitrary liftings via
Lemma (2.2).
By hypothesis there exist ai holomorphic functions on A such that
(4.8) ψ(s1 ∧ · · · ∧ sn ⊗
∂
∂t
) =
n∑
i=1
aiωi
where the ωi are as in Definition (4.1).
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Defining a new lifting for the element ηi:
ti := si + (−1)
n−iai · dt
we have
ψ(t1 ∧ · · · ∧ tn ⊗
∂
∂t
) = ψ(s1 ∧ · · · ∧ sn ⊗
∂
∂t
)−
n∑
i=1
aiψ(s1 ∧ · · · ∧ ŝi ∧ · · · ∧ sn ∧ dt⊗
∂
∂t
) =
ψ(s1 ∧ · · · ∧ sn ⊗
∂
∂t
)−
n∑
i=1
aiωi = 0.
No we perform the induction step. Assume now that dimW = k > n.
We take a basis η1, . . . , ηk of W and by induction we can choose liftings t1, . . . , tk−1 of
η1, . . . , ηk−1 such that the map ψ is zero on 〈t1, . . . , tk−1〉. Finally we take sk a lifting of
ηk.
Calling φ the map in (4.5), by the hypothesis of Massey triviality for every n elements in W ,
there exists constants b, b′ and ai, ci, i = 1, ..., n− 1, such hat
ψ(t1 ∧ · · · ∧ tn−1 ∧ sk ⊗
∂
∂t
) =
n−1∑
i=1
aiφ(η1 ∧ · · · ∧ η̂i ∧ · · · ∧ ηn−1 ∧ ηk) + bφ(η1 ∧ · · · ∧ ηn−1)
and
ψ(t1 ∧ · · · ∧ tn−1 ∧ (
k−1∑
i=n
ti + sk)⊗
∂
∂t
) =
n−1∑
i=1
ciφ(η1 ∧ · · · ∧ η̂i ∧ · · · ∧ ηn−1 ∧ (
k−1∑
i=n
ηi + ηk))+
+b′φ(η1 ∧ · · · ∧ ηn−1).
Now by the induction hypotesis we have that
ψ(t1 ∧ · · · ∧ tn−1 ∧ sk ⊗
∂
∂t
) = ψ(t1 ∧ · · · ∧ tn−1 ∧ (
k−1∑
i=n
ti + sk)⊗
∂
∂t
)
and by the strictness of W we can compare their expressions and obtain b = b′ and ai = ci = 0.
Therefore
ψ(t1 ∧ · · · ∧ tn−1 ∧ sk ⊗
∂
∂t
) = bφ(η1 ∧ · · · ∧ ηn−1)
and choosing tk = sk − bdt we have that
ψ(t1 ∧ · · · ∧ tn−1 ∧ tk ⊗
∂
∂t
) = 0
hence t1 ∧ · · · ∧ tn−1 ∧ tk is also zero as a section of f∗ωX .
It remains to prove that given any choice of indices {j1, . . . , jn−1} ⊂ {1, . . . , k} we have
ψ(tj1 ∧ · · · ∧ tjn−1 ∧ tk ⊗
∂
∂t
) = 0.
It is enough to show this claim for ts∧t2∧· · ·∧tn−1∧tk where s 6= 1 since the same procedure
can be iterated if necessary to obtain the general statement.
Using t1 ∧ · · · ∧ tn−1 ∧ tk = 0 and the induction hypothesis we have the inequalities
(4.9) ts ∧ t2 ∧ · · · ∧ tn−1 ∧ (tk + t1) = ts ∧ t2 ∧ · · · ∧ tn−1 ∧ tk = (ts + t1) ∧ t2 ∧ · · · ∧ tn−1 ∧ tk
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Using the Massey triviality on the first equality we obtain
αsφ(η2∧· · ·∧ηn−1∧(ηk+η1))+
n−1∑
l=2
αlφ(ηs∧η2 · · ·∧η̂l∧· · ·∧ηn−1∧(ηk+η1))+αkφ(ηs∧η2∧· · ·∧ηn−1) =
= βsφ(η2∧· · ·∧ηn−1∧ηk)+
n−1∑
l=2
βlφ(ηs∧η2 · · ·∧ η̂l∧· · ·∧ηn−1∧ηk)+βkφ(ηs∧η2∧· · ·∧ηn−1)
Using the second equality we have
βsφ(η2∧ · · ·∧ ηn−1∧ ηk)+
n−1∑
l=2
βlφ(ηs∧ η2 · · ·∧ η̂l ∧ · · ·∧ ηn−1∧ ηk)+βkφ(ηs∧ η2∧ · · ·∧ ηn−1) =
= µsφ(η2∧· · ·∧ηn−1∧ηk)+
n−1∑
l=2
µlφ((ηs+η1)∧η2 · · ·∧η̂l∧· · ·∧ηn−1∧ηk)+µkφ((ηs+η1)∧η2∧· · ·∧ηn−1)
Where the α’s, β’s and µ’s are holomorphic functions on A. Using the strictness as before we
immediately find that all these functions vanish, giving us the desired result.
As a final remark note that the uniqueness of the liftings ti is immediate. 
In the case W ⊂ Γ(A,D) ⊂ Γ(A,K∂), Proposition 4.5 becomes
Proposition 4.6. Let W ⊂ Γ(A,D) a Massey trivial strict subspace. Then there exists a
unique W˜ ⊂ Γ(A, f∗Ω
1
S,d) lifting W such that the map
n∧
W˜ → Γ(A, f∗ωX)
is zero.
Proof. We only have to verify that W˜ ⊂ Γ(A, f∗Ω
1
S,d). This holds because by definition of D all
the liftings of the sections ηi are closed forms. 
The following result relates in some sense the property of being locally Massey trivial and
globally Massey trivial.
Proposition 4.7. Let W ⊂ Γ(B,K∂) be a strict subspace of global sections of K∂ and let
A ⊂ B an open contractible subset. If the sections of W are Massey trivial when restricted to
A then they are Massey trivial everywhere.
Proof. Since the dimension of W doesn’t play any role, for simplicity we assume that dimW =
n. Take η1, . . . , ηn a basis of W and W˜ = 〈s1, . . . , sn〉 < Γ(B, f∗Ω
1
X) a lifting of W via Lemma
(2.2). The si’s are global holomorphic 1-forms on X .
By hypothesis there exist t local parameter and ai holomorphic functions on A such that
(4.10) ψ(s1 ∧ · · · ∧ sn ⊗
∂
∂t
) =
n∑
i=1
aiωi
Now take A′ ⊂ B another open contractible subset with nontrivial intersection with A and call
ψ′ : W˜ ⊗ TB → f∗ωX/B|A′
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the map which gives the Massey product on A′. By the strictness hypothesis we can complete
the ωi’s to a local frame of f∗ωX/B|A′ , hence in this frame we have
ψ′(s1 ∧ · · · ∧ sn ⊗
∂
∂t′
) =
n∑
i=1
a′iωi +
∑
j
bjτj .
By comparing with (4.10) on A ∩A′ where ∂/∂t′ = ∂t/∂t′ · ∂/∂t we have
(4.11)
n∑
i=1
a′iωi +
∑
j
bjτj = ψ
′(s1 ∧ · · · ∧ sn ⊗
∂
∂t′
) =
=
∂t
∂t′
ψ(s1 ∧ · · · ∧ sn ⊗
∂
∂t′
) =
n∑
i=1
∂t
∂t′
aiωi.
hence the bj vanish on A ∩ A
′ and hence everywhere on A′. This proves the Massey triviality
on A′. By iterating on an appropriate cover of B we are done. 
By the same computations we also immediately prove
Proposition 4.8. Under the hypotheses of the previous Proposition, call W˜ a lifting of W in
H0(B, f∗Ω
1
X). We have that the image of
∧n W˜ → H0(B, f∗ωX) is contained in the image
of H0(B, ωB) ⊗
∧n−1 W˜ → H0(B, f∗ωX). In particular if B = P1 we have that the image of∧n W˜ → H0(B, f∗ωX) is zero.
Proof. We take ηi and si as in the proof of the previous Proposition. By the same computations
we get on A ∩A′ the relation
a′i =
∂t
∂t′
ai
hence the 1-forms on B defined by aidt and a
′
idt
′ glue together and produce global 1-forms on
B, call them σi. From the Massey triviality we then obtain
s1 ∧ · · · ∧ sn =
n∑
i=1
σi ∧ s1 ∧ · · · ∧ ŝi ∧ · · · ∧ sn
which is our thesis. 
These results allow us to give a “local to global”version of Proposition 4.5 and 4.6
Proposition 4.9. Let W ⊂ Γ(B,K∂) a strict subspace of global sections of K∂ and let A ⊂ B
be an open contractible subset. If the sections of W are Massey trivial when restricted to A
then there exist a unique lifting W˜ ⊂ Γ(B, f∗Ω
1
X) such that
n∧
W˜ → Γ(B, f∗ωX)
is zero. If furthermore W ⊂ Γ(B,D) then W˜ ⊂ Γ(B, f∗Ω
1
X,d).
Remark 4.10. The second statement is meaningful only if B is not compact, otherwise global
1-forms on X are automatically closed.
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Remark 4.11. Given an n-dimensional variety Y , a subspace W of H0(Y,Ω1Y ) is usually called
strict if the natural map from
∧nW to H0(Y, ωY ) is an isomorphism on the image. See [Ca,
Definition 2.1 and 2.2] and [RZ1, Definition 2.2.1].
If W as above is a subspace of sections of D, W ⊂ Γ(A,D) ⊂ Γ(A,K∂), then we can see
W as a subspace of H0(Fb,Ω
1
Fb
) since D is a local system. If W is strict in the usual sense
then it is strict according to Definition (4.4). In fact if W is strict in the usual sense we have
the injection
∧n−1W →֒ Dn−1 and taking the tensor product by OA we immediately get the
desired injection
n−1∧
W ⊗OA →֒ D
n−1 ⊗OA →֒ f∗ωX/B|A .
5. A result on the monodromy of D and Dn−1
In this section we will give some results on the monodromy action associated to the local
systems D and Dn−1.
5.1. The notion of Albanese primitive variety. First we need to recall the Generalized
version of the Castelnuovo-de Franchis Theorem, proved independently by Catanese in [Ca,
Theorem 1.14] and Ran in [Ran, Prop II.1].
Theorem 5.1. Let X be an n-dimensional compact Ka¨hler manifold and w1, . . . , wk+1 ∈
H0(X,Ω1X) linearly independent 1-forms such that w1 ∧ · · · ∧ wk+1 = 0 and that no collec-
tion of k linearly independent forms in the span of w1, . . . , wk+1 wedges to zero. Then there
exists a holomorphic map f : X → Y over a normal variety Y of dimension dimY = k and
such that wi ∈ f
∗H0(Y,Ω1Y ). Furthermore Y is of Albanese general type.
We recall the definition of Albanese general type which is also given by Catanese in [Ca]:
Definition 5.2. An irregular variety Y of dimension k is called of Albanese general type if its
Albanese dimension a equals k and its irregularity is q > k.
In the same paper, the author also introduces the notion of higher irrational pencil as follows:
Definition 5.3. A higher irrational pencil is a morphism with connected fibers X → Y with
target a normal variety of Albanese general type. A variety X admitting no higher irrational
pencil is said to be Albanese primitive, or simply primitive.
Note that higher irrational pencils can be seen as the higher dimensional analogues to fibra-
tions over curves of genus g ≥ 2.
Given these definitions, the Generalized Castelnuovo-de Franchis can be restated as follows:
Theorem 5.4. Let X be an n-dimensional smooth variety. X is primitive if and only if the
maps
k∧
H0(X,Ω1X)→ H
0(X,ΩkX)
are injective on decomposable elements, that is elements of the form w1 ∧ · · · ∧ wk.
Remark 5.5. Note that it may very well be that these maps are not injective on linear com-
binations of decomposable elements.
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For our purposes we will need a slightly different version of the Castelnuovo-de Franchis
theorem:
Theorem 5.6. Let X as above and w1, . . . , wl ∈ H
0(X,Ω1X) linearly independent 1-forms such
that wj1 ∧ · · · ∧ wjk+1 = 0 for every j1, . . . , jk+1 and that no collection of k linearly indepen-
dent forms in the span of w1, . . . , wjk+1 wedges to zero. Then there exists a holomorphic map
f : X → Y over a normal variety Y of dimension dimY = k and such that wi ∈ f
∗H0(Y,Ω1Y ).
Furthermore Y is of general type.
Proof. We can take w1, . . . , wk+1 and apply Theorem 5.1 to prove the existence of Y , then we
have to prove that wk+2, . . . , wl also are pullback of forms of Y .
Without loss of generality we deal with wk+2. Let U a sufficiently small open subset of X
where w1 ∧ · · · ∧ wk 6= 0. From w1 ∧ · · · ∧ wk ∧ wk+2 = 0 we obtain that wk+2 =
∑k
i=1 fiwi
with fi holomorphic functions on U . It is also clear that the fi’s are pullback of holomorphic
functions on Y , otherwise dwk+2 would be different from zero which is not possible, wk+2 being
a holomorphic form.
From the equality
w1 ∧ · · · ∧ ŵi ∧ · · · ∧ wk ∧ wk+2 = (−1)
k−ifiw1 ∧ · · · ∧ wk
we also get that fi are global meromorphic functions.
This discussion tells us that wk+2 = f
∗α is the pullback of a meromorphic 1-form on Y , but
since wk+2 is holomorphic and the pullback does not remove the poles of α, it follows that α is
already holomorphic on Y and this is our thesis.
To prove that Y is of general type we use a standard argument based on a structure theorem
by Ueno, see [U, Theorem 10.9] or [Mo, Theorem 3.7]. We know by Theorem 5.1 that Y is of
Albanese general type, that is its Albanese map alb: Y → Alb(Y ) is generically finite on its
image Y˜ and not surjective. By the above mentioned theorem the Albanese image Y˜ is ruled by
positive dimensional subtori over a basis Z which is a subvariety of general type of an abelian
variety. Since dimZ < dimY = k a contradiction follows since it is possible to find k linearly
independent 1-forms in the span of the wi’s with vanishing wedge product. 
Remark 5.7. It is not difficult to check that the proof of the Castelnuovo-de Franchis also
works if X is not compact if we further assume that the 1-forms wi are closed.
5.2. Massey trivial strictness and monodromy representations. The theory developed
in the previous section is obviously strictly related to the Castelnuovo-de Franchis theorem.
Let W be a Massey trivial subspace of D as in the previous section. Let H be the kernel of
the monodromy representation of D, which is a normal subgroup of π1(B, b), and call HW the
subgroup of H which acts trivially on W. For every subgroup K < HW , we denote by BK → B
the e´tale base change of group K and by XK → BK the associated fibration. We have the
following:
Theorem 5.8. Let X → B a semistable fibration with dimX = n. Let A ⊂ B be an open
subset and W ⊂ Γ(A,D) a Massey trivial strict subspace. Then XK has a higher irrational
pencil hK : XK → Y over a normal (n − 1)-dimensional variety of general type Y such that
W ⊂ h∗K(H
0(Y,Ω1Y )). Furthermore if W is a maximal Massey trivial strict subspace we have
the equality W = h∗K(H
0(Y,Ω1Y )).
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Proof. Since the proof is the same for every K, we prove the statement for K = HW .
The key point is that since HW acts trivially on W , with the base change BHW → B the
sections of W give raise to global sections on BHW . More precisely call DW the local system on
BHW obtained by inverse image of D, then W extends to global sections in Γ(BHW ,DW ). We
can then apply Proposition 4.9 and find global 1-forms of XW which satisfy the hypotheses of
the Castelnuovo-de Franchis Theorem 5.6. Note that even in the case XHW not compact, the
proof works because by Proposition 4.9 we find closed 1-forms and the Castelnuovo-de Franchis
still works as pointed out in Remark 5.7. 
5.3. Closures under the monodromy action. A subspace W ⊂ Γ(A,D) as in the above
theorem naturally generates a local system in D by taking the closure of W under the mon-
odromy action. More precisely, denote by ρ the monodromy map associated with D and by
G = π1(B, b)/ ker ρ the monodromy group acting non-trivially on D. The local system gener-
ated by W is by definition the local system with stalk Ŵ =
∑
g∈G g ·W . We will denote it by
W.
Definition 5.9. If W is Massey trivial, we will say that W is Massey trivial generated.
See [PT, Definition 5.5].
To the local system W we associate its monodromy group as follows. The action ρ of the
fundamental group π1(B, b) on the stalk of D restricts to an action ρW on the stalk of W, that
is
ρW : π1(B, b)→ Aut(Ŵ ).
We will now construct an action of the monodromy group GW = π1(B, b)/ ker ρW ∼= Im ρW
on a suitable set which will allow us to study this group. Sometimes we will denote ker ρW by
HW, so that GW = π1(B, b)/HW.
Let uW : BW → B the covering classified by the subgroup HW and fW : XW → BW the
associated fibration. In a similar way to that seen before, the inverse image of the local system
W on BW is trivial and we will often identify the sections ofW and their unique liftings provided
by Proposition 4.9, which are global closed 1-forms on XW.
By Theorem 5.8 applied to the subgroup HW of HW we get a map h : XW → Y which can
be composed with the action of GW on XW obtained from the standard action of GW on BW.
We call hg the composition.
(5.1) XW
g //
hg
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
XW
h
!!❇
❇❇
❇❇
❇❇
❇
Y
Now we take a regular point b ∈ A ⊂ B and a preimage b0 of b via BW → B. Denote by F0 the
fibre of fW over b0 and consider the above diagram restricted to F0.
(5.2) F0
  //
kg
**❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱ XW
g //
hg
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
XW
h
!!❇
❇❇
❇❇
❇❇
❇
Y
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Remark 5.10. The map F0 → Y is surjective since the pullback of the 1-forms of Y gives on
F0 the subspace W which we recall is strict by hypothesis.
We can define two sets of functions
H = {hg : XW → Y | g ∈ GW}
and
K = {kg : F0 → Y | g ∈ GW}
and GW acts naturally on both by g1 ·hg2 = hg2g1 and g1 ·kg2 = kg2g1. We will focus in particular
on the action GW × K → K and prove that it is faithful. We start with the following lemma
see [PT, Lemma 6.1].
Lemma 5.11. Let e be the neutral element of GW and α ∈ H
0(Y,Ω1Y ). Then for each g ∈ GW,
(5.3) k∗g(α) = g
−1k∗e(α)
where g−1 acts on k∗e(α) ∈ W via the monodromy action defining W.
Proof. Let β = h∗e(α) the global closed 1-form in XW obtained by pullback. Clearly
k∗g(α) = (g
∗h∗e(α))|F = g
∗β|F = β|Fg−1b
On the other hand
g−1k∗e(α) = g
−1β|F = β|Fg−1b.

Lemma 5.12. The action of GW on K is faithful.
Proof. Take g ∈ GW, g 6= e and we prove that there exist an element kg′ of K such that
g · kg′ 6= kg′. Since by definition of the action we have g · kg′ = kg′g we have to prove that
kg′ : F0 → Y and kg′g : F0 → Y
are different morphisms. We will prove this statement at the level of 1-forms, more precisely
we prove that
k∗g′ : H
0(Y,Ω1Y )→ H
0(F0,Ω
1
F0) and k
∗
g′g : H
0(Y,Ω1Y )→ H
0(F0,Ω
1
F0)
are different.
Now since g 6= e, there exist an element of W which is not fixed by g, and, since W is the
local system generated by W , we can assume that this element is of the form gˆw with w ∈ W
and gˆ ∈ G, that is ggˆw 6= gˆw.
By Theorem 5.8, w = k∗e(α) for some α ∈ H
0(Y,Ω1Y ), and by the previous Lemma we obtain
k∗g′(α) = g
′−1k∗e(α) = g
′−1w
and
k∗g′g(α) = (g
′g)−1k∗e(α) = (g
′g)−1w = g−1g′−1w
Hence the thesis follows by taking g′ = gˆ−1. 
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5.4. Massey trivial generation and finiteness of monodromy groups. We can now state
the main theorem of this section:
Theorem 5.13. Let f : X → B be a semistable fibration on a smooth projective curve B and
let W < D be a strict Massey trivial generated local system. Then the associated monodromy
group GW is finite and the fiber of W is isomorphic to∑
g∈GW
k∗gH
0(Y,Ω1Y ).
Proof. By the previous result Lemma 5.12, we have an inclusion
GW →֒ Aut(K)
hence it is enough to show that K is a finite set. K is contained in Mor(F0, Y ) the set of all
surjective morphisms from F0 to Y and this is finite being Y of general type, see for example
[KO, Theorem 1]
For the result on the stalk of W, recall that this stalk is Ŵ =
∑
g∈G g ·W . Hence we have
Ŵ =
∑
g∈G
g ·W =
∑
g∈GW
g ·W =
∑
g∈GW
k∗gH
0(Y,Ω1Y )
where the second equality comes from the fact that HW fixes W and the last from Lemma
5.11. 
Now if D itself is Massey trivial generated we have the immediate corollary:
Corollary 5.14. If D is Massey trivial generated by a strict subspace, then the monodromy
group G is finite. If furthermore the map
∧n−1
D → Dn−1 is surjective, the local system Dn−1
also has finite monodromy.
Proof. The first statement is immediate by Theorem 5.13.
For the second it is enough to note that if
∧n−1
D → Dn−1 is a surjective map of local
systems, then the monodromy group of Dn−1 is a subgroup of the monodromy group of
∧n−1
D
and latter is finite by the first statement. 
To give an example where D is Massey trivial generated, we can extend to any dimension
the case of hyperelliptic fibration studied in [PT]:
Proposition 5.15. Let X → B a semistable fibration such that the general fiber F has odd
dimension and has an involution σ such that F/σ has pg = 0. If D is generated by anti-invariant
1-forms, then D is Massey trivial generated.
Proof. Take η1, . . . , ηn ∈ Db ⊂ H
0(F,Ω1F ) and construct their Massey product mξb(η1, . . . , ηn).
By the fact dimF = n− 1 is odd, we get that the Massey product is antisymmetric.
The involution σ gives a map σ∗ : H0(ωF ) → H
0(ωF ) which is the multiplication by −1.
Hence we get
σ∗mξb(η1, . . . , ηn) = −mξb(η1, . . . , ηn)
while at the same time
σ∗mξb(η1, . . . , ηn) = mξb(−η1, . . . ,−ηn)
by the fact that the ηi’s are anti-invariant. Since n is even, this gives the desired vanishing of
the Massey product. 
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To close this section we recall that the finiteness of the monodromy group of a local system
is equivalent to the semi-ampleness of the unitary flat vector bundle, see for example [CD1,
Theorem 2.5].
Corollary 5.16. Under the hypotheses of Corollary 5.14, the unitary flat bundle of the second
Fujita decomposition is semi-ample.
Proof. We have that Dn−1 has finite monodromy and recall that it is the local system associated
to the second Fujita decomposition by Theorem 3.17. 
6. The adjoint local system
We introduce now another local system which in some sense embodies the notion of Massey
product of sections of D.
To do this first note that the main ingredient for the construction introduced in Section 4 is
the following. We take D and choose a lifting via the splitting of
(6.1) 0 // ωB // f∗Ω
1
X,d
// D //
zz
0
which is guaranteed by Lemma (2.2) and Lemma (2.5). After choosing such a lifting D̂ →֒
f∗Ω
1
X,d, to construct Massey products we consider the image of
(6.2)
n∧
D⊗ TB →
n∧
D̂⊗ TB → f∗ωX ⊗ TB ∼= f∗ωX/B.
Note that the lifting of D is not unique in general, and we consider all the other liftings
differing from D̂ by a global section of H0(B, ωB). Call D̂i, i ∈ I a certain set of indices, all
these possible liftings. Since obviously
D ∼= D̂i
all the D̂i are local systems inside the sheaf f∗Ω
1
X,d. It makes sense to consider the local system
generated by the D̂i which we will denote by 〈D̂i〉. We then get a short exact sequence of local
systems
(6.3) 0→ L→ 〈D̂i〉 → D→ 0
of all the possible liftings of D. L is the local system generated by the global sections of ωB.
Denote by Hi the image of
∧n
D̂i via the map
n∧
f∗Ω
1
X,d → f∗ωX .
Now take n sections η1, . . . , ηn in Γ(A,D) and two different sets of liftings s1, . . . , sn in Γ(A, D̂j)
and s′1, . . . , s
′
n in Γ(A, D̂k), with j, k ∈ I. If we want to construct the respective Massey products
we have to take the wedge s1∧ · · · ∧ sn in Γ(A,Hj) and s
′
1 ∧ · · · ∧ s
′
n in Γ(A,Hk) and they differ
by an element of
∧n−1
D⊗L. More precisely denote by 〈Hi〉 the local system generated by the
Hi’s and by D˜ the image of
n−1∧
D→ Dn−1 →֒ f∗ωX/B
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then we have an exact sequence
(6.4) 0→ D˜⊗ L→ 〈Hi〉 → H→ 0.
H can be seen as the local system on B which contains all the Massey products obtained by
sections of D but without the ambiguity given by the choice of the liftings.
We want now to give the analogue of Definition 4.2 under this new light. Therefore take
a point b ∈ B and a vector subspace W of Db generated by sections η1, . . . , ηn. W is not
necessarily invariant under the monodromy action, but we can consider the local system W
generated by W , as we have done in the previous sections. Since W is a sublocal system of D it
makes sense to retrace the above construction for W instead of the whole D. We end up with
a local system HW inside H.
Definition 6.1. We call HW the adjoint local system of W .
Even if HW contains the Massey products of sections of W, this approach is different from
the one given in Section 4 and in particular in Definition 4.2. In Definition 4.2 we consider
the Massey product up to the OB-submodule generated by the sections η1 ∧ · · · ∧ η̂i ∧ · · · ∧ ηn
while here we consider the Massey products in HW up to D˜⊗L which is a local system and not
a OB-submodule. This entails that we no longer have an analogue of Proposition 4.6 in this
setting. That is, even if HW is trivial we cannot say that there is a vector space lifting W and
such that the wedge of all its sections is zero. In fact in the proof of this result it is essential
to change the liftings of ηi by an arbitrary holomorphic form in ωB. Note that here this is not
possible any more because we can change liftings only up to elements of L.
On the other hand at the level of global forms the situation is very similar:
Proposition 6.2. If W ⊂ Γ(B,D) is an n-dimensional subspace of global sections of D, then
W is Massey trivial according to Definition 4.3 if and only if HW = 0.
Proof. If W is Massey trivial according to Definition 4.3, by Proposition 4.8 we have that every
section s1 ∧ · · · ∧ sn is in the image of D˜ ⊗ L, hence HW = 0. The other implication is even
more immediate. 
Note that in the previous sections, for example when using the Castelnuovo-de Franchis
theorem, we have always worked with global sections of D, maybe after passing to a covering
of B. This means that for the purpose of this paper both the constructions have the same
effectiveness.
The vanishing of HW also controls the following property of Massey products. As always
take n sections η1, . . . , ηn in W and liftings s1, . . . , sn. The following diagram tensored by ωB
(6.5) f∗ωX ⊗ TB
f∗Ω
n−1
X,d
// //
44❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
Dn−1
  // f∗ωX/B
tells us that the Massey product ψ(s1∧· · ·∧sn⊗∂/∂t), which is a section of f∗ωX/B, is actually
in Dn−1 →֒ f∗ωX/B if and only if the wedge s1 ∧ · · · ∧ sn is in the image of
(6.6) f∗Ω
n−1
X,d ⊗ ωB → ωX .
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The local system D˜⊗ L has this property, hence we can formulate the following
Proposition 6.3. TakeW as above. If HW is zero, all the Massey products constructed starting
by sections ofW are in Dn−1, that is, they can be lifted to closed differential forms of the ambient
variety X.
7. Massey products and first Fujita decomposition
In the previous sections we have shown the relation between Massey products and the second
Fujita decomposition, that is we have considered Massey products starting from sections of the
local system D and their relation with the local system Dn−1, which we recall gives U when
tensored by OB, see Theorem 3.7.
We want now to briefly look at the situation considering the first Fujita decomposition. The
difference with the previous case is that we will no longer deal with local systems and unitary
flat vector bundle associated, but with trivial vector bundles.
Recall the first Fujita decomposition
(7.1) f∗ωX/B ∼= O
h
B ⊕ E
with E a locally free nef sheaf on B with h1(B, E ⊗ ωB) = 0.
Take the exact sequence
0→ ωB → f∗Ω
1
X → f∗Ω
1
X/B → . . .
and call V the vector space
(7.2) V := H0(X,Ω1X)/f
∗H0(B, ωB).
V injects in H0(Fb,Ω
1
Fb
) for all b ∈ B0 and furthermore we have the following inclusions
V ⊂ Db ⊂ K∂ ⊗ C(b) = ker δξb ⊂ H
0(Fb,Ω
1
Fb
).
The inclusion Db ⊂ K∂ ⊗ C(b) is the content of Lemma 2.5. To justify the inclusion V ⊂ Db,
first recall that by definition Db is the subspace of sections of H
0(Fb,Ω
1
Fb
) which can be lifted to
closed holomorphic forms on the variety X . Now since X is compact, every global holomorphic
form on X is automatically closed and it immediately follows that V is contained in Db.
Defining VB = V ⊗C OB we have the inclusion of vector bundles on VB →֒ D⊗C OB →֒ K∂
and therefore we can construct Massey products starting from sections of VB.
Now call H = H0(X,Ωn−1X ) and N = {φ ∈ H | φ|Fb = 0, ∀b ∈ B
0}. By the exact sequence
(7.3) 0→ ωB ⊗ f∗Ω
n−2
X/B → f∗Ω
n−1
X → f∗Ω
n−1
X/B → . . . ,
we have that N = H0(B, ωB⊗f∗Ω
n−2
X/B). Following the proof of [Fu1, Theorem 3.1] we have that
H/N is an h-dimensional vector space and H/N ⊗C OB is the trivial vector bundle appearing
in the first Fujita decomposition. Alternatively this can be seen as follows. The wedge product
gives a map
H ⊗ ωB → f∗ωX
and since N ⊗ ωB is in the kernel of such a map, we have
H/N ⊗ ωB → f∗ωX .
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This map is injective over B0, hence it is injective everywhere. Now taking the tensor product
by ω∨B we get the desired inclusion
H/N ⊗OB →֒ f∗ωX ⊗ ω
∨
B = f∗ωX/B
giving the first Fujita decomposition.
We point out that, like for VB →֒ D⊗OB, we also have H/N ⊗C OB →֒ D
n−1 ⊗C OB = U .
The above discussion shows that we can construct the Massey product of sections of VB
following the same recipe of Section 4.
Regarding Section 6, we have that Sequence (6.3) for V is exactly the sequence defining V
0→ H0(B, ωB)→ H
0(X,Ω1X)→ V → 0.
Furthermore denote by Un the image of
∧nH0(X,Ω1X) in H0(X,ΩnX) and by Un−1 the image
of
∧n−1H0(X,Ω1X) in H0(X,Ωn−1X ). Then the local system H previously introduced turns out
to be the constant sheaf of stalk Un/(Un−1 ⊗H
0(B, ωB)).
Note also that if we take a vector space of sections W as in Section 6, but with the extra
assumption W ⊂ V , then W =W since V comes from global sections and hence it is invariant
under monodromy.
It is not difficult to see that Proposition 6.3 now is
Proposition 7.1. Take W ⊂ V as above. If HW is zero, all the Massey products constructed
starting by sections of W are in H/N , that is, they can be lifted to closed global differential
forms of the ambient variety X. Furthermore if dimW = n then HW = 0 implies that the
Massey product of sections of W is trivial.
8. Sheaves generated by global sections and fibrations over P1
Consider the first Fujita decomposition of f∗ωX/B
(8.1) f∗ωX/B ∼= O
h
B ⊕ E
with E a locally free nef sheaf on B with h1(B, E ⊗ ωB) = 0. In this section we generalize a
result of Konno which gives an interesting bound for h, see [K, Section 1].
We start by noticing that f∗ωX is a locally free sheaf on B of rank pg(F ) with F a general
fiber of f : X → B. Furthermore f∗ωX ⊗ ω
∨
B is nef by the work of Fujita [Fu1].
Following Konno, we denote by G the locally free subsheaf of f∗ωX generated by the global
sections and by G ′ the locally free quotient f∗ωX/G. On the other hand G
∗ will denote the sheaf
G∨ ⊗ ωB.
Now let F ′ the locally free sheaf generated by the global sections of G∗ and by F = F ′∗ =
F ′∨ ⊗ ωB. F and F
∗ are both generated by global sections and nef.
By definition we have h0(G) = h0(f∗ωX) = pg(X) and h
0(G∗) = h1(G) = h0(F∗) = h1(F).
Proposition 8.1. If b is the genus of B and r = rankG, we have the inequality
(8.2) h ≤ rankF − (b− 1)(pg(F )− r)
If the equality holds, then deg G ′ = 2(b− 1)(pg(F )− r) and F is a direct sum of rankF copies
of ωB.
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Proof. By the work of Xiao, [X, Page 477], we have the inequalities
(8.3) h1(G) = h1(F) ≤ b · rankF −
1
2
degF
(8.4) deg G ′ ≥ 2(b− 1)(pg(F )− r)
(8.5) degF + deg G ′ ≥ 2(b− 1)(pg(F )− r + rankF)
Now h = h1(f∗ωX) by Fujita and since H
0(G) = h0(f∗ωX) from the local sequence
0→ G → f∗ωX → G
′ → 0
we obtain that h = h1(G)− χ(G ′). By Riemann-Roch and by (8.4) we have
χ(G ′) = deg G ′ − (b− 1)(pg(F )− r) ≥ deg G
′/2,
hence
h = h1(G)− χ(G ′) ≤ h1(G)− deg G ′/2 ≤ b · rankF − (degF + deg E ′)/2
where the last inequality uses (8.3). Applying (8.5) gives the inequality in the statement.
If the equality holds then by reversing the previous computations we have that it must
hold also in (8.3), (8.4) and (8.5). Putting those three together we obtain that in this case
h1(F) = rankF , hence h0(F∗) = rankF . By the fact that F∗ and F are both nef and
generated by global sections, we have that F∗ is semi-stable of degree 0 and hence a sum of
OB. Tensoring by ωB gives the result for F . 
We can define the rank r of a fibration f : X → B as the rank of the the locally free subsheaf
of f∗ωX generated by the global sections.
Theorem 8.2. Let X be an irregular variety with q(X) > n. If f : X → P1 is a fibration with
r = pg(F ) then it is not of Albanese general type
Proof. By Grothendieck’s decomposition theorem and by Fujita decomposition theorem the
assumption that r = pg(F ) implies that f∗ωX = ⊕
r
j=0OP1(aj) where aj ≥ 0 and not necessarily
distinct. Then in the second Fujita decomposition we have U = 0. This implies that Dn−1 = 0.
This means that no n-dimensional subspace W ⊂ H0(X,Ω1X) is strict. 
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